The paradox of the divergence of the resonant scattering cross section of a cylinder with the permittivity equals minus unity and vanishing radius (R) irradiated by a monochromatic electromagnetic wave is discussed. Within the framework of the exact solution of the Maxwell equations, the divergence at the specified conditions is caused by the overlap of all but one multipolar resonances. It is shown that the paradox is caused by the too straightforward analysis of the expression for the cross section, which has a singularity at this point. To resolve the singularity, one must, first, generalize the problem formulation, taking into account the final linewidth of the incident wave, and then perform the correct sequence of limit transitions. The application of this approach gives rise to the vanishing cross section at the vanishing R. It ruins the expectations to employ such a cylinder as a superscatterer but simultaneously open a door to counterintuitive effects both in far and near field zones related to unusual size dependences of the scattered fields at small but finite R.
Introduction. Despite more than hundred years history of the study of light scattering by obstacles the problem still remains among the most important issues of electrodynamics. In addition to the purely academic interest (plenty of new effects have been discovered recently, see, e.g., the discussions in Refs. [1, 2] ) it is explained by the great demand from numerous technologies, ranging from medicine and biology [3, 4] to systems for data storage and processing and telecommunications [5] .
Nowadays, the frontier of this study shifts to the nanoscale [6] . In a number of applications, e.g., when nanoparticles are used as biomarkers, it important to enhance their scattering cross sections, since usually, they are small owing to the small geometric sizes of the particles. It stimulates quests of a superscatterer [7] . The main idea of it is to employ a resonant scattering instead of non-resonant and to manage overlap of several resonances.
Then, it seems, the best way to design the superscatterer is to employ the plasmonic resonances at light scattering by a low-lossy cylinder of a small radius. The physical grounds for this are the following: When the dissipative losses in an illuminated subwavelength particle are so small that the radiative ones begin to prevail, the Rayleigh scattering is replaced by anomalous [8] . At the anomalous scattering, the corresponding partial cross section achieves its theoretical upper bound, which does not depend on the particle size. For a spatially-uniform spherical subwavelength particle of the infinitesimal radius illuminated in a vacuum the resonant value of the permittivity ε, for the th partial mode is −( + 1)/ , where = 1, 2 . . . designates the dipole, quadrupole, etc. Through the dispersion relation ε(ω), where ω stands for the frequency of the incident wave, it determines the resonant frequencies ω . Importantly, that, generally speaking, all ω are different and overlap of the resonances of different orders does not take place. To achieve the overlap more sophisticated particle structure, such as, e.g., core-shell is required [7] . This is not the case for a cylinder. The problem for the scattering of a plane, linearly polarized electromagnetic wave by a right circular infinite spatially-uniform cylinder of radius R is exactly solvable for any R and any orientations of the cylinder axis with respect to the wave vector of the incident wave k and its polarization plane, see, e.g. book [9] . The solution has a form of the infinite series of the multipolar contributions (−∞ < < ∞). However, the dramatic difference with the spherical particle is that now at R → 0 the resonant ε for all multipoles but the one with = 0 converge to one and the same value ε = −1, see, e.g., Ref. [10] . Since at the anomalous scattering the resonant partial cross section (per unit length of the cylinder) σ ( ) sca is a finite quantity which does not depend on R and, therefore, remains finite at R → 0, see below, the overlap of the infinite number of resonances means divergence of the multipolar series.
Thus, we face a paradox: On the one hand, it is quite obvious, that at R → 0 the scattering should be suppressed. On the other hand, the exact solution gives rise to the infinitely-large scattering cross section. The argument that the divergence occurs only in the nondissipative limit and that any finite dissipation cuts the divergence off does not help much -the fundamental principles of electrodynamics do not provide any limit for the lower bound of the dissipation at a given ω. Then, at low enough Im ε a cylinder with the radius of several nanometers may have the scattering cross section of a few square kilometers, which also is nonsense. The goal of our paper is to resolve the paradox and to answer the question, if the multiple resonances in the plasmonic cylinder may be employed to create a simple subwavelength superscatterer.
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Problem Formulation. To understand the physical grounds for the paradox note that it is associated with the following reasons: First, the dependencies σ (ε, R) do not have any definite limit at the point ε = −1, R = 0 -their values depend on the shape of the trajectory in the plane (ε, R) along which one approaches this point, see below. Second, any actual light source always has a finite linewidth and, therefore, a certain spectral distribution of its power. On the other side, at the anomalous scattering, the resonant linewidths rapidly vanish at R → 0 [8, 10] . Then, at any finite but fixed source linewidth at small enough R only a certain part of the light power is scattered resonantly. For the accurate problem treatment, these two issues should be taken into account explicitly.
For the sake of simplicity, we consider the normal incidence of the TE-polarized plane wave so that vector k is perpendicular to the axis of the cylinder and vector E oscillates in the plane of the base of the cylinder. The extension of our consideration to the general case of an arbitrary incidence is quite straightforward. It gives rise to the same conclusions but requires more cumbersome calculations.
Analysis. The exact solution of the formulated problem is presented as the infinite series in the cylindrical functions. This structure of the solution is universal and valid for any ε. However, to consider the paradox in its extreme form, in what follows we discuss the nondissipative case, i.e., ε is supposed to be purely real.
All specific information about the scattering for a given pair (ε, R) is hidden in the coefficients of this series, called the scattering coefficients. For the problem in question the scattering field outside the cylinder is described by the single set of the scattering coefficients
where
and J (z), N (z) stand for the Bessel and Neumann functions, respectively, the prime indicates differentiation with respect to the entire argument of the corresponding function, m ≡ √ ε is the refractive index [9] , the size parameter q equals kR, k ≡ |k| ≡ ω/c, denotes the wavenumber of the incident wave, c stands for the speed of light in a vacuum.
In terms of a the partial (σ ( ) sca ) and the net (σ net sca ) scattering cross sections are expressed in a very simple manner [9] :
the latter owing to the identity a ≡ a − . We are interested in the limit q → 0. Then, the expansion of the functions in the right-hand-side of Eq. (2) in powers of small q yields [10] 
Here The question we are interested in is the linewidth of the -th order resonance. As it is seen from Eq (5), the mode with = 0 does not have the resonance in the vicinity of the point q = 0, ε = −1. Therefore, in what follows, discussing the scattering coefficients and the partial cross sections it is tacitly accepted that = 0.
Note now that, actually, as it has been already mentioned above, the coefficients a at the point q = 0, ε = −1 do not have any definite value at all. To show this, first, cancel the common factor m −1 in the numerator and denominator of Eq. (1). Then, F and G transform into purely real F and G , respectively [11] . Next, invert the relations F = F (q, q √ ε), G = G (q, q √ ε) considering F and G as new independent variables. Then, the plane (ε, q) maps into the plane (F , G ) and the point ε = −1, q = 0 maps into the point (0,0).
To evaluate the indeterminate form of the type 0/0, which Eq. (1) is transformed to at this point, let us consider a trajectory in the (F , G ) plane approaching the coordinate origin. Without loss of generality we can suppose that in the vicinity of the origin the trajectory is described by the expression G = AF α , where A and α are any real constants. Then, it is trivial to see from Eq. (1) that at F → 0 coefficient a → 1 at α > 1; a → 0 at α < 1; and a → 1/(1 + iA) at α = 1. To reveal the grounds for such an unusual behavior of the seemingly smooth function, let us consider the plots |a (ε, q)| 2 at the vicinity of the specified singular point. All of them are alike, therefore, it suffices to discuss just the case = 1. The plots corresponding to the sections of the surface |a 1 (ε, q)| 2 by families of the planes |a 1 | 2 = const and q = const are shown in Figs. 1, 2 . It is seen from the figures that the closer to the singular point, the steeper and narrower the profile |a (ε, q)| 2 . Eventually, at the singular point itself, it collapses into a straight vertical line connecting the points |a | 2 = 0 and |a | 2 = 1. Any trajectory approaching the singular point in the plane (ε, q) is a 2D projection of a 3D line, lying on the surface |a (ε, q)| 2 . All these lines end up in the corresponding point of the vertical line with a given single value of |a | 2 . However, since the line is vertical, all these points are projected onto one and the same singular point in the plane |a 1 (ε, q)| 2 . Thus, the limit depends on the trajectory along which one approaches the singular point. We keep it in mind and proceed with the analysis. Let us select any resonant trajectory, take on it a point ε = ε , q = q , and consider small departures from this point: ε = ε + δε and q = q + δq. Then, expanding the right-hand-sides of Eqs. (4), (5) in small δε, δq, keeping just the leading terms, and bearing in mind that ε ≈ −1 so that in the final expressions it may be replaced by −1, we obtain: At = 1
At > 1
(7) Now, recall that the limit, we are interested in, depends on the trajectory. Thus, among the diversity of possible trajectories, we must select the correct ones. Based on the physical grounds of the problem, the only correct trajectory for each is the one with a fix R and varying ω, corresponding to the irradiation of a given cylinder by a pulse of a given spectral structure. Moving along this trajectory, we can calculate the integral (over the entire spectrum of the source) partial cross section σ ( ) int sca ; then, summarizing them, to find the total cross section σ tot sca (R); and, finally, consider the limit R → 0.
To this end, first, we have to change the independent variables in Eqs. (6)- (7) according to the relations δq ∼ = (∂q/∂ω)δω ≡ (R/c)δω and δε ∼ = (∂ε/∂ω) ω0 δω, where ε(ω 0 ) = −1. Then, Eqs. (6)- (7) give rise to the usual Lorentzian profile for |a | 2 :
(it is regarded that 0! = 1). The rest is trivial. According to Eq. (9) all Γ → 0 at R → 0. On the other hand, 2|a | 2 /(πΓ ), where |a | 2 is given by Eq. (8), converges to δ-function at Γ → 0. Thus, no matter, how narrow the source line is, at small enough R it is much broader than all resonant lines. In this case with respect to the excitation of the resonant modes, the incident radiation should be regarded as incoherent. Then, to get the integral intensity of the radiation scattered by a given multiple, we have to integrate the partial scattering intensities over the spectrum. Accordingly, the integral partial scattering cross section is
Here S ω and I ≡ S ω dω are the spectral and total energy flux densities, respectively.
Next,
where σ 0 ≡ 4π 3 cS ω0 / ω 0 I(∂ε/∂ω) ω0 . Thus, σ tot sca (R) → 0 at R → 0, in agreement with the common sense.
Conclusions. We have shown that the paradox of the divergence of the resonant scattering cross section of a cylinder with ε → −1 and R → 0 is resolved if one takes into account that at this point the partial scattering cross sections with = 1 have singularities. In this case to get the correct result, one, first, has to extend the problem formulation to the scattering of nonmonochromatic light with a finite linewidth; to calculate the total cross section for a small but finite radius of the cylinder and only after that to send the radius to zero. The application of this approach results in the physically reasonable vanishing cross section at R → 0.
These results show that a subwavelength cylinder with ε ≈ −1 hardly can be employed as a superscatterer. However, simultaneously, they create opportunities to observe new interesting effects, coming into been at small but finite R. They are associated with different positions of the centers of the resonant lines of various multipoles with respect to the center of the line of the source and different mutual scales of the corresponding linewidths. In this case, an increase in R may push a resonant line outside the source line, which may give rise to a sharp drop in the scattering. This phenomenon should affect both the far field zone (unusual, nonmonotonic dependence of the cross section on R) and in the near field zone (sharp changes in the topological structure of the field coursed by small variations in R). Despite, these effects lie beyond the scope of the present paper, we believe the present contribution will inspire their study in the very near future.
